Torque-coupled thermodynamic model for F_oF_1-ATPase by Ai, Guangkuo et al.
Supplementary Material:
A torque-coupled simple thermodynamic model for FoF1-ATPase
Guangkuo Ai, Pengfei Liu, Hao Ge
Contents
1 Kramers’ rate formula in the presence of external work 2
2 The coupled model 3
2.1 Discrete-state model of Fo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Discrete-state model of F1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
3 Estimated parameter values and model consistency 6
3.1 Estimated parameter values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2 Model consistency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
4 Results with F1 model from Gao et al. [1] 10
5 Rotary flux of each portion in coupled case 13
6 Results in the case of mismatch or untight coupling 14
1
21 Kramers’ rate formula in the presence of external work
Consider a unimolecular reaction A
k−→ B, where the potential landscape between the two chemical states
are described as in Figure S1.
Figure S1. The potential energy U between two states, where C stands for the transition barrier.
The Kramers’ rate formula [2, 3] tells that
k ∝ e−β(U(xC)−U(xA)).
When U(x) contains the contribution from external force F (x), and provided the transition states for
the potential U0 and U are quite close to each other (U0 stands for the potential without external force),
i.e. U(xC)− U(xA) = U0(xC)− U0(xA) +
∫ xC
xA
F (x)dx , we have
k ∝ k0e−β
∫ xC
xA
F (x)dx
= k0e−βδW ,
where k0 ∝ e−β(U0(xC)−U0(xA)) and
W =
∫ xB
xA
F (x)dx, δ =
∫ xC
xA
F (x)dx∫ xB
xA
F (x)dx
.
Therefore the load distribution factor reflects the distribution of the external work to the forward and
backward transition rates.
Figure S2. The load factor δ = UF (xC)/UF (xB), where UF (x) =
∫ x
xA
F (s)ds.
32 The coupled model
2.1 Discrete-state model of Fo
We denote the probabilities on three states as PE , PEa , PEb respectively (see Fig. 1(B) and (C) in the
main text). The kinetic equations for the state probabilities are
dPE
dt = kHaPEa + kHbPEb − kH [H+]aPE − kH [H+]bPE ;
dPEa
dt = −k−HaPEa + kH [H+]aPE − k∗sPEa + k∗hPEb ;
dPEb
dt = −k−HbPEb + kH [H+]bPE + k∗sPEa − k∗hPEb ;
PE + PEa + PEb = 1.
where [H+]a and [H
+]b stand for the proton concentration in extracellular and intracellular side.
Let the right-hand-side of the above equations be zero, one get the steady-state distribution pi, giving
the rate for protons passing through the membrane from extracellular side per unit time
Jo =
kHk
∗
sk−HbcHa − kHk∗hk−HacHb
∆0
,
where ∆o = kHk
∗
scHa +k
∗
sk−Hb +k−HbkHcHa +kHk
∗
hcHb +k
∗
hk−Ha +k−HakHcHb +kHk
∗
hcHa +k
∗
skHcHb +
k−Hak−Hb .
Jo can be rewritten with Michaelis constants
Jo =
Va
[H+]a
Kma
− Vb [H
+]b
Kmb
1 + [H
+]a
Kma
+ [H
+]b
Kmb
,
where the maximal velocities
Va =
k∗sk−Hb
k∗s + k−Hb + k∗h
, Vb =
k∗hk−Ha
k∗h + k−Ha + k∗s
and Michaelis constants
Kma =
k∗sk−Hb + k
∗
hk−Ha + k−Hak−Hb
kHk∗s + kHk−Hb + kHk∗h
, Kmb =
k∗sk−Hb + k
∗
hk−Ha + k−Hak−Hb
kHk∗h + kHk−Ha + kHk∗s
.
According to ergodic theorem, Jo is the expected rotation number per time of the Fo portion. Combining
it with Eq. 4 in the main text, the mechanical power of Fo can be obtained:
Po =
pi
6
M¯Jo =
pi
6
M¯
Ae−βδF l −Beβ(1−δ)Fl
Ce−βδF l +Deβ(1−δ)Fl + E
where
A = kHk−Hbk
0∗
s [H
+]a, B = kHk−Hak
0∗
h [H
+]b, C = k
0∗
s (kH [H
+]a + k−Hb + kH [H
+]b),
D = k0∗h (kH [H
+]a + k−Ha + kH [H
+]b), E = k−HbkH [H
+]a + k−HakH [H
+]b + k−Hak−Hb .
and pi6 M¯ stands for the work that Fo overcomes the external force on γ shaft.
42.2 Discrete-state model of F1
Even in the condition that the γ shaft rotates towards ATP synthesis direction, it may happen that the
external mechanical work be dissipated and no ATP molecules be produced, which is the “futile cycle”.
There are many futile pathways in the ATP synthesis direction for F1 [4]; here in the main text we just
consider the simplest pathway to accomplish the futile cycle. Similar to Fo, the kinetic equations for the
state probabilities of F1 are
dPE3
dt = k˜PPE2 + k
′′
sP
′
E2
+ khPE4 − (ks + k′′h + k−P )PE3
dPE2
dt = k−PPE3 + (k
′
s + k
f
h)PE1 − (k˜P + k′h + kfs )PE2
dPE1
dt = (k
′
h + k
f
s )PE2 + k
′
−PP
′
E2
+ k−TPE5 − (k′s + kfh + k˜′P + k˜T )PE1
dP ′E2
dt = k
′′
hPE3 + k˜
′
PPE1 − (k′′s + k′−P )P ′E2
dPE4
dt = ksPE3 + k−1PE5 − (kh + k1)PE4
dPE5
dt = k1PE4 + k˜TPE1 − (k−1 + k−T )PE5
,
where we denote k˜T = kT [T ], k˜D = kD[D] and k˜P = kP [P ] respectively.
Now we estimate k1, k−1, the transition rates for coupling 80◦-step with ADP binding/releasing. The
completion of transition from E4 to E5 contains the occurrence of two events: the binding of ADP (with
rate k˜D) and the 80
◦ rotation (with rate k′′′s ), so the waiting time for this completion is
1
k1
=
1
k˜D+k′′′s
+ k˜D
k˜D+k′′′s
1
k−D+k′′′s
+
k′′′s
k˜D+k′′′s
1
k˜D+k′′′h
1− k˜D
k˜D+k′′′s
k−D
k−D+k′′′s
− k′′′s
k˜D+k′′′s
k′′′h
k˜D+k′′′h
,
1
k−1
=
1
k−D+k′′′h
+ k−Dk−D+k′′′h
1
k˜D+k′′′h
+
k′′′h
k−D+k′′′h
1
k−D+k′′′s
1− k−Dk−D+k′′′h
k˜D
k˜D+k′′′h
− k′′′hk−D+k′′′h
k′′′s
k−D+k′′′s
.
It is easy to show that when the reaction is heavily biased towards ATP synthesis, k′′′s  k˜D, k′′′h  k−D
thus k1 ≈ k˜D, k−1 ≈ k′′′h .
To obtain the rotation rate J1, we need to compute the invariant distribution of F1. Applying simple
theories in linear algebra, we know that the invariant distribution (piE3 , piE2 , piE1 , pi
′
E2
, piE4) is the unique
solution of equations
Ax = (0, 0,−k−T , 0,−k−1)′,
where A =
−(ks + k′′h + k−P ) k˜P 0 k′′s kh
k−P −(k˜P + k′h + kfs ) (k′s + kfh) 0 0
−k−T k′h + kfs − k−T −(k′s + kfh + k˜′P + k˜T + k−T ) k′−P − k−T −k−T
k′′h 0 k˜
′
P −(k′′s + k′−P ) 0
ks − k−1 −k−1 −k−1 −k−1 −(kh + k1 + k−1)

and piE5 = 1− piE3 − piE2 − piE1 − pi′E2 − piE4 . This can be solved by Cramer’s principle. Furthermore, by
applying the theory of cycle decomposition to the model, we know
J1 = J
f
1 + J
e
1 ,
where Jf1 = k
f
s piE2 − kfhpiE1 is the rate of the “futile cycle”, while
Je1 = k1piE4 − k−1piE5 = Je1,s − Je1,h,
5is the rate of the effective cycles, with
Je1,s =
k1k˜P k˜
′
P k−T ksk
′′
s + k1k˜P k
′
−P k−T ks(k
′
s + k
f
h) + k1k˜
′
P k−T (k
′
h + k
f
s )ksk
′′
s + k1k˜P k−T ks(k
′
s + k
f
h)k
′′
s
det(A)
,
Je1,h =
k˜P k˜T k−1k′−P khk
′′
h + k˜T k−1k−P k
′
−P kh(k
′
h + k
f
s ) + k˜T k−1k
′
−P kh(k
′
h + k
f
s )k
′′
h + k˜T k−1k−P kh(k
′
h + k
f
s )k
′′
s
det(A)
stands for the ATP synthesis and hydrolysis rate respectively.
Then the power and thermodynamic efficiency for free energy production of F1 can be expressed as:
P1 = (−∆Gsol + kBT log [T ]
[D][P ]
) · Je1 , η1 =
3
2piM¯
(−∆Gsol + kBT log [T ]
[D][P ]
) · J
e
1
J1
,
where ∆Gsol = −11.3 kcal/mol [1, 4] is the free energy variance for F1 at room temperature with
[T ], [D], [P ] all at 1 M.
Furthermore, we rewrite J1 as a function of reactants [D] and obtain
Je1 =
b1,P [P ]
2 + b2,P [P ] + b3,P
a1,P [P ]2 + a2,P [P ] + a3,P
,
where a1,P is the part of det(A) containing both k˜P and k˜
′
P , a2,P is the part of det(A) containing either
k˜P or k˜
′
P , a3,P is the part of det(A) containing no k˜P or k˜
′
P , while
b1,P = k1kP k
′
P k−T ksk
′′
s
b2,P = k1kP k
′
−P k−T ks(k
′
s + k
f
h) + k1k
′
P k−T (k
′
h + k
f
s )ksk
′′
s + k1kP k−T ks(k
′
s + k
f
h)k
′′
s − kP k˜T k−1k′−P khk′′h
b3,P = −k˜T k−1k−P k′−P kh(k′h + kfs )− k˜T k−1k′−P kh(k′h + kfs )k′′h − k˜T k−1k−P kh(k′h + kfs )k′′s
.
As the Michaelis constant is equal to the reactant’s concentration to reach half of the maximum
reaction rate, we obtain (omitted negative roots)
Km(P ) =
(b2,P − a2,P b1,P2a1,P ) +
√
(b2,P − a2,P b1,P2a1,P )2 − 2b1,P (b3,P − a3,P
b1,P
2a1,P
)
b1,P
.
We can also re-express Je1 as the function of [D] following the similar procedure. Firstly we extract k1
and k−1 from Je1 with
Je1 =
b1k1 + b2k−1
a1k1 + a2k−1 + a3
,
where
k1 =
k′′′s k˜
2
D + (k
′′′
h + k−D + k
′′′
s )k
′′′
s k˜D
k˜2D + (k−D + k′′′s + k
′′′
h )k˜D + (k−D + k′′′s )(k
′′′
h + k
′′′
s )
,
k−1 =
k−D(k−D + k′′′h )k˜D + k−Dk
′′′
h (k
′′′
s + k
′′′
h )
(k−D + k′′′s + k′′′h )k˜D + (k−D + k′′′s )(k
′′′
h + k−D) + k
′′′2
h
,
b1 = k˜P k˜
′
P k−T ksk
′′
s + k˜P k
′
−P k−T ks(k
′
s + k
f
h) + k˜
′
P k−T (k
′
h + k
f
s )ksk
′′
s + k˜P k−T ks(k
′
s + k
f
h)k
′′
s ,
b2 = k˜P k˜T k
′
−P khk
′′
h + k˜T k−P k
′
−P kh(k
′
h + k
f
s ) + k˜T k
′
−P kh(k
′
h + k
f
s )k
′′
h + k˜T k−P kh(k
′
h + k
f
s )k
′′
s ,
and a1, a2, a3 are the coefficients of k1, k−1 and constant in det(A). Thus both Je1 with variable [D] and
Km(D) can be obtained numerically.
6When the reaction is heavily biased toward ATP synthesis, k′s  k˜′P and the transition pathway
E3 → E4 is rare, thus we may simplify the model to one loop:
E1
kT [T ]
GGGGGGGGGBF GG
k−T
E5
k′′′h
GGGGGGGGGGBF GG
kD[D]
E4
kh
GGGGGBF G
ks
E3
k−P
GGGGGGGGBF GG
kP [P ]
E2
k′h + k
f
s
GGGGGGGGGGGGBF GG
k′s + k
f
h
E1,
which helps us to estimate the parameter values from the experimentally measured Michaelis constants.
3 Estimated parameter values and model consistency
3.1 Estimated parameter values
For Fo portion
Generally speaking ,the existence of Arg210 influences the reaction rates for proton association and
dissociation, and thus affects Fo’s rotation rate. However in the physiological condition, this influence is
not obvious [5, 6]. Here we simply discuss the situation without Arg210, as our model is considered at
around physiological condition. The other situation can be discussed similarly.
The reaction rates of Fo are influenced by not only the proton gradient but also the load torque on γ
shaft and other ion gradients, such as Na+. As we only consider proton gradient and load torque in our
model, we set the total potential related to these ion gradients at the physiological value ∆ψ ≈ 5.6kBT
[6]. Thus
k−Ha = k−He
∆ψ
2kBT , k−Hb = k−He
− ∆ψ2kBT ,
which in accordance with the thermodynamic relation [7]
∆ϕ−∆ψ + M¯ = kBT log kH [H
+]ak
∗
sk−Hb
kH [H+]bk∗hk−Ha
,
where ∆ϕ = kBT log
[H+]a
[H+]b
and M¯ is the torque on the shaft.
If ∆ϕ = 0, then we have M¯ = kBT log
k∗s
k∗h
. Applying the Eq. 1 in the main text, we know that
k0∗s = k
0∗
h .
The values of k−H , k−Ha and k−Hb are from [6]; hence we only have two unknown parameters: k
0∗
s
and δ to estimate. Now apply the rotation rate v.s. load torque relation in [6]: when there is no load
torque in Fo portion,
pi
6 Jo ≈ 780 s−1 [6], therefore we have
pi
6
· A−B
C +D + E
= 780;
when the torque is at m0 = 41 pN · nm, pi6 Jo ≈ 140 s−1 [6], therefore
pi
6
· Ae
−pi6 βδm0 −Bepi6 β(1−δ)m0
Ce−
pi
6 βδm0 +De
pi
6 β(1−δ)m0 + E
= 140,
in which the expressions of A,B, . . . , E are given in the previous section.
From these two equations, we can solve the unknown parameters k0∗s and δ.
7For F1 portion
We assume that all transition rates related to γ rotation are independent of reactants. In the absence
of [T ], [D] and [P ], the futile cycle should be at thermodynamic equilibrium, which results in the
thermodynamic relation ks
′0kf
0
s = kh
′0kf,0h . It yields k
f,0
s /k
f,0
h ∼ 5× 102. From [8] the transition
E2
kf,0s
GGGGGGGBF GG
kf,0h
E′1
become frequent when [T ] < 1 nM, suggesting kf,0h ∼ 10−3∼−4 and thus kf,0s ∼ 10−1∼−2.
The transition rates for 40◦-step has been obtained in [9], and the 40◦ rotation rate for hydrolysis
k′h is measured at 2× 104/s, thus we set the 80◦ rotation rate for hydrolysis kh′′′0 at 1× 104/s, hence
k−D  kh′′′0 and k−1 ≈ k−D. For [T ], [D], [P ] = 1 M, the transition rate between E1 and E3 can be
estimated by
E3 → E1 : k− =
1− k˜P k−P
(k˜P+k′h)(k−P+k
′′
h )
− k′′s k′′h(k′′s+k′−P )(k−P+k′′h )
1
k−P+k′′h
+ k−P
(k˜P+k′h)(k−P+k
′′
h )
+
k′′h
(k′′s+k
′
−P )(k−P+k
′′
h )
≈ 180/s;
E1 → E3 : k+ =
1− k˜
′
P k
′
−P
(k˜′P+k
′
s)(k
′
−P+k
′′
s )
− k′sk′h
(k′s+k˜
′
P )(k˜P+k
′
h)
1
k˜′P+k
′
s
+
k˜′P
(k˜′P+k
′
s)(k−P+k′′s )
+
k′s
(k′s+k˜
′
P )(k˜P+k
′
h)
≈ 420/s
applying the thermodynamic constraint
∆Gsol = −kBT ln k˜T k−1khk−
k−T k1ksk+
≈ 50 pN · nm.
Consider that the F1 portion rotates heavily towards ATP synthesis direction, and suppose k
′
s ∼
1.5× 103/s [1], then the simplified model gives
E1
kT [T ]
GGGGGGGGGBF GG
k−T
E5
k′′′h
GGGGGGGGGGBF GG
kD[D]
E4
kh
GGGGGBF G
ks
E3
k−P
GGGGGGGGBF GG
kP [P ]
E2
k′h + k
f
s
GGGGGGGGGGGGBF GG
k′s + k
f
h
E1.
If [T ] is very low, given k′′′h and k
′
h very small, it is easy to obtain
1
Je1
≈ 1
k′s + k
f
h
+
1
kP [P ]
+
1
kD[D]
+
1
k−T
+
1
ks
(1 +
kh
kD[D]
)(1 +
k−P
kP [P ]
),
and thus
Vm(P ) =
k′sksk−T kP kD[D]
aDP [D] + aP
, Vm(D) =
k′sksk−T kP kD[P ]
aDP [P ] + aD
.
where 
aDP = ksk−T kP kD + k′skP kDks + k
′
sk−T kP kD
aD = k
′
sksk−T kD + k
′
sk−T k−P kD
aP = k
′
sksk−T kP + k
′
skhk−T kP
.
[10] measured the maximum rotation rate for ATP synthesis: Vm(D) = 74/s for [P ] = 10mM and
Vm(P ) = 80/s for [D] = 0.75mM. Given parameter values kD, k−D used in [11], we choose a set of
8parameters to be as close as possible to the above three constrains (i.e. ∆Gsol, Vm(P ), Vm(D)), and
obtain k−T ∼ 90/s, ks ∼ 4× 102/s, ks′′′0 ∼ 102/s.
To estimate δ′, δ′′ and δ′′′, we must estimate the average load torque for F1 for its rotating heavily
toward synthesis direction, which is given at M¯ ∼ 50 pN · nm [12]. We set M¯ = 52 pN · nm and now
k′s = 1.5 × 103/s yields δ′ = 0.6, a1,P /b1,P ≈ 80/s yields k′′s ≈ 107/s thus δ′′ = 0.1. As k′′′h  kD, we
arbitrarily set δ′′′ = 0.8 to satisfy this constraint. As δf also distributes 80◦ external torque, we set
δf = δ′′′.
3.2 Model consistency
Rotary flux of Fo
The simulation of the rotation rate of Fo with respect to the load torque on γ shaft is shown in [6] via
stochastic differential equations; in our model, we also obtain the profile of the two variables. Here we
compare the simulated results from these two two different models, see Figure S3. We find that when
the torque varies among 0–40pN·nm, the value obtained by our model is lower; when the torque varies
from 40 to 80pN·nm, both values match very well with each other.
(a) Simulated result in article [6] (b) The same curve generated by our coupled model.
The red point is the one selected to estimate parameter
values.
Figure S3. The rotation rate of Fo with load torque, where the grey line in (a) is according to article [6],
and the blue line in (b) is obtained by our model for Fo.
Rotary flux and Michaelis constants of F1
In the previous section we only uses Vm(D) and Vm(P ) to estimate the model; here we redraw the whole
profile of rotary flux of F1 with estimated parameters compared with experimental data from [10], which
measured the rates of ATP synthesis at various ADP or Pi concentrations, see Figure S4. We find that
when Pi or ADP concentration is very low, the predicted ATP synthesis rate in our model is higher than
the experimental results; when [P ] > 6 mM or [D] < 1 mM the estimated and experimental results are
nearly the same.
Table S1 shows the Michaelis-Menten constants from experiment [1] and our estimation, where
Km(T ), Km(P ) and Km(D) are calculated at M¯ = 0. One can see that the results from two methods are
in agreement.
9(a) ADP concentration 0.75 mM (b) Pi concentration 10 mM
Figure S4. The rotation rate of F1 with various concentrations of ADP and Pi, where the grey dots in
each figure shows the experimental results. Data are from [10]. The estimated Km(P ) = 1.2 mM and
Km(D) = 70 µM respectively.
Table S1. Michaelis constants of F1 from experiments and our estimation
Km([T ]) Km([P ]) Km([D])
Exp. 17 µM > 10 mM < 100 µM
Est. 16 µM 470 mM 19 µM
Michaelis constants of F1 portion from experiments and our estimation. Km(T ), Km(D) and Km(P ) are
the concentrations of ATP, ADP and Pi when the rate of ATP hydrolysis takes one-half of its maximum
value (at saturating concentrations of ADP/Pi and ATP respectively).
Energy barrier of F1
By [13] the energy barrier for F1 to ATP hydrolysis is around 20kBT under the assumption that the
potential landscape is cosine-shaped, i.e. in Figure S1 the profile can be described by a cosine function
and ∆E = U(xB)−U(xA) = 20kBT, where A,C stands for F1 before and after 120◦ rotation respectively,
B stands for the barrier.
To check out the parameter consistency, we first compute the energy change from A → C. In this
condition, the model in main text can be simplified as:
E1
kT
GGGGGGBF GG
k−T
E5
k−D
GGGGGGGGBF GG
k′′′s
E4
kh
GGGGGBF G
ks
E3
k−P
GGGGGGGGBF GG
k′s
E1,
as the rotation rate of F1 (k
′
h, k
′′′
h ) is much fast than the release of ADP and Pi; thus a straightforward
computation shows
kBT ln
kT k−Dkhk−P
k−T k′′′s ksk′s
≈ 16kBT.
Secondly, as the barrier position can be described via δ, the energy difference between A and C in this
cosine-shaped landscape is just ∆ = ∆E2 (1− cos(pi/δ)). The true value of δ is between derived δ′ = 0.6
10
and δ′′′ = 0.8, mostly near (δ′ + 2δ′′′)/3 = 0.73, so ∆ ∼ 15kBT, implying that our parameter values are in
consistency with the experimental result.
Torque and efficiency in coupled FoF1-ATPase
In the coupled FoF1-ATPase case, we just use the parameter values in Table 1 in the main text to
calculate the steady-state torque on γ shaft, and obtain the result 57.7 pN · nm which fits the value
∼ 50 pN · nm reported in the previous literature [6, 12]; Furthermore, the in-vivo efficiency of Fo and F1
can be obtained as 84.7% and 66%, with effective-cycle ratio at 99% which fits the experimental result
(> 70%) [14], indicating the total efficiency of the ATP synthase 56.2%.
4 Results with F1 model from Gao et al. [1]
Though F1 model from [9] seems quite different with that from [1], their behaviors when coupled with Fo
are quite similar. In fact, when F1 is heavily towards to ATP synthesis direction, the simplified model
from [9]:
E′1
kT [T ]
GGGGGGGGGBF GG
k−T
E5
k′′′h
GGGGGGGGGGBF GG
kD[D]
E4
kh
GGGGGBF G
ks
E3
k−P
GGGGGGGGBF GG
kP [P ]
E2
k′h
GGGGGBF G
k′s
E1,
is similar to the model from [1]:
E′1
kT [T ]
GGGGGGGGGBF GG
k−T
E2T
k′′′h
GGGGGGBF G
k′′′s
E2DP
k−D
GGGGGGGGBF GG
kD[D]
E2P
k−P
GGGGGGGGGGBF GG
kP [P ]
E2
k′h
GGGGGBF G
k′s
E1,
because when k′′′s is very large and k
′′′
h is very small, the rate E2P → E2T is dominated by kD[D] while
E2T → E2P is dominated by k′′′h , and similar situation occurs in E3 
 E5. Following gives the case with
F1 model from [1], see Figure S5.
Figure S5. Discrete-state model of F1, redrawn from [1].
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Discrete-state Model for F1
The kinetic equations for the state-probabilities of F1 are
dP2T
dt = kTP1[T ] + k
′′′
s P2DP − (k−T + k′′′h )P2T ;
dP2DP
dt = kDP2P [D] + k
′′′
h P2T − (k−D + k′′′s )P2DP ;
dP2P
dt = kP [P ]P2 + k−DP2DP − (k−P + kD[D])P2P ;
dP1
dt = k−TP1T + (k
′
h + k
f
s )P2 − (k′s + kfh + kT [T ])P1;
dP2
dt = (k
′
s + k
f
h)P1 + k−PP2 − (kP [P ] + k′h + kfs )P2;
P2T + P2DP + P2P + P1 + P2 = 1.
,
The corresponding steady-state distribution leads to the rotation rate of F1 per unit time
J1 =
k′skP kDk
′′′
s k−T [D][P ]− k′hk−P k−Dk′′′h kT [T ]
∆1
. (1)
where ∆1 = aDP [D][P ] + aDT [D][T ] + aPT [T ][P ] + aDPT [D][P ][T ] + aT [T ] + aD[D] + aP [P ] + a, , and
the parameters can be expressed by the transition rates:
aDP = (k
′
s + k
f
h)kP kDk
′′′
s + (k
′
s + k
f
h)kP kDk−T + kP kDk
′′′
s k−T + (k
′
s + k
f
h)kP kDk
′′′
h ;
aDT = kDk
′′′
s (k
f
s + k
′
h)kT + kD(k
f
s + k
′
h)k
′′′
h kT ;
aPT = kP k−Dk′′′h kT ;
aDPT = kP kDk
′′′
s kT + kP kDk
′′′
h kT ;
aT = k
′′′
s (k
f
s + k
′
h)k−P kT + (k
f
s + k
′
h)k−P k−DkT + (k
f
s + k
′
h)k−P k
′′′
h kT + (k
f
s + k
′
h)k−Dk
′′′
h kT + k−P k−Dk
′′′
h kT ;
aP = (k
′
s + k
f
h)kP k
′′′
s k−T + (k
′
s + k
f
h)kP k−T k−D + (k
′
s + k
f
h)kP k−Dk
′′′
h ;
aD = (k
′
s + k
f
h)kDk
′′′
s k−T + kDk
′′′
s k−T (k
f
s + k
′
h);
a = (k′s + k
f
h)k
′′′
s k−T k−P + (k
′
s + k
f
h)k−T k−P k−D + k
′′′
s k−T (k
f
s + k
′
h)k−P + (k
′
s + k
f
h)k−P k−Dkh
+ k−T (kfs + k
′
h)k−P k−D + (k
f
s + k
′
h)k−P k−Dk
′′′
h .
In addition, the rotation rate J1 can be decomposed into two parts:
J1 =
k′′s kP kDk
′′′
s k−T [D][P ]− kfhk−P k−Dk′′′h kT [T ]
∆1
+
(k′s + k
f
h)kP kDk
′′′
s k−T [D][P ]− (k′h + kfs )k−P k−Dk′′′h kT [T ]
∆1
,
, J1,f + J1,e,
where the first term represents the rotation rate of F1 without any production, and the second term
represents the rotation rate with ADP/Pi reaction.
If the external torque is large as in some in-vitro experiments, k′s, ks become large while k
′
h, kh are
relatively small, therefore the ATP synthesis rate Vsyn satisfies [1]
1
Vsyn
≈ 1
kD[D]
(1 +
k−P
kP [P ]
) +
1
kP [P ]
+
1
k−T
+
kT [T ]
k′sk−T
. (2)
On the other hand if the external torque is rather small (nearly absent), k′h, k
′′′
h become large while
k′s, k
′′′
s are relatively small, therefore the ATP hydrolysis rate Vhyd satisfies [1]
1
Vhyd
≈ 1
k−P
(1 +
kD[D]
k−D
) +
1
k−D
+
1
kT [T ]
+
kP [P ]
k′hk−P
(1 +
kD[D]
k−D
).
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Let p = [D]/([T ] + [D]), then the efficiency of F1 can be obtained:
η1 =
∆µG
2pi
3 M¯
· J1,e
J1
=
3kBT
2piM¯
· J1,e
J1
ln
kh
′0k−P k−Dk0hkT (1− p)
ks′0kP kDk0sk−T [P ]p
=
3J1,e
2piM¯J1
(−∆Gsol + kBT ln 1− p
p[P ]
).
Rewriting the expression of J1 with Michaelis constants gives
J1 =
V
[D]
max([P ])
[P ] +KM ([P ])
=
V
[P ]
max([D])
[D] +Km([D])
, with{
Km([P ]) =
aDT [D][T ]+aT [T ]+aD[D]+a
aDP [D]+aPT [T ]+aDPT [D][T ]+aP
Km([D]) =
aPT [P ][T ]+aT [T ]+aP [P ]+a
aDP [P ]+aDT [T ]+aDPT [P ][T ]+aD
and
{
V
[D]
max([P ]) =
k′skP kDksk−T [D][P ]−k′hk−P k−DkhkT [T ]
aDP [D]+aPT [T ]+aDPT [D][T ]+aP
V
[P ]
max([D]) =
k′skP kDksk−T [D][P ]−k′hk−P k−DkhkT [T ]
aDP [P ]+aDT [T ]+aDPT [P ][T ]+aD
.
Parameter values needed for this model are given in Table S2.
Table S2. Parameter values used for simulation.
kT = 2× 106 M−1 · s−1 kD = 2.5× 106 M−1 · s−1 kP = 1.7× 105 M−1 · s−1
k−T = 50 s−1 k−D = 6× 102 s−1 k−P = 8× 102 s−1
k′0h = 1.5× 104 s−1 k′′′0h = 5× 103 s−1 kf,0h = 1× 10−4 s−1
k′0s = 1.5× 103 s−1 k′′′0s = 1.8× 10−3 s−1 kf,0s = 5× 10−2 s−1
[PI] = 6 mM [ATP] = 4 mM [ADP] = 0.3 mM
k0∗s = 5.1× 103 s−1 k0∗h = 5.1× 103 s−1 T = 293 K
pHb=8.4 pHa=7 δ = 0.35
δ′ = 0.68 δ′′′ = 0.2 δf = 0.8
Monotonicity of each portion’s efficiency
We imitate Fig. 2 in the main text to obtain Figure S6. In the coupled model, the efficiency of Fo or F1
portion dependent on the relevant reactants (∆pH for Fo, or [P ], p for F1) shows a different behavior on
the monotonicity, compared with that in the uncoupled model.
Figure S6(A) shows the efficiency of Fo dependent on the proton gradient: with different externally
applied torque M¯ , the efficiency is monotonically dependent on the proton gradient; however, the coupled
case leads to a increase of the efficiency at ∆pH ∈ [1, 1.7]. The physiological condition (∆pH = 1.4)
gives Fo portion’s efficiency around 74%. Figure S6(B-C) show the efficiency of F1 with respect to the
phosphate concentration and the ratio [ADP]/([ADP]+[ATP]) respectively: the uncoupled condition gives
a monotonically-decreasing profile for the efficiency;, while in the coupled case the decreasing of efficiency
becomes non-monotonic at a certain parameter range. The physiological condition (p = 0.07, [P ] = 6 mM)
gives F1 portion’s efficiency around 72%. The thermodynamic efficiency of the whole ATPase is about
55%, similar to the result in the main text.
Sensitivity of separate portion’s power and efficiency in the coupled model
Though we use another F1 model, the power and efficiency of F1 is sensitive to variations in the proton
gradient, while Fo’s power and efficiency responds robustly to the concentration of reactants in the F1
portion. See Figure S7.
Figure S7(A) shows the Fo’s power and efficiency dependent on the total amount [ATP]+[ADP]
with the ratio of [ADP]/([ADP]+[ATP]) fixed at p = 0.07: the profiles are not monotonic with maximal
or minimal point at around c0 = 1.8 mM. The power of the Fo portion increases whereas the efficiency
decreases as a function of the phosphate concentration as well as the ratio [ADP]/([ADP]+[ATP])
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Figure S6. Efficiency profile for Fo and F1 portions in coupled and uncoupled conditions.
The profiles for the coupled situations are shown in solid line; green solid circle stands for the
physiological condition. (A) Efficiency of Fo v.s. proton gradient, with intracellular pHb = 8.4. In
uncoupled condition with fixed different values of the torque M , the efficiency decreases with the
increasing of proton gradient; the coupled case leads to much slower decreasing, even becoming increasing
at certain parameter ranges. The physiological condition (∆pH = 1.4) gives Fo portion’s efficiency
around 77%. (B,C) Efficiency of F1 v.s. phosphate concentration (with [T ] = 4mM, [D] = 0.3mM) and
the fraction of ADP over ADP plus ATP(with [P ] = 6mM), as the total concentration of ADP and ATP
is fixed. In (B), uncoupled condition gives a monotonically-decreasing profile for the efficiency; in the
coupled case, the decreasing of efficiency becomes much slower, even increasing at certain parameter
range. In (C), the physiological condition (p = 0.07) gives F1 portion’s efficiency around 72%. In this
model, the load torque in coupled condition does not change much, so the power profiles of F1 will be
similar to its efficiency profiles according to the expression of F1.
(Figure S7(B-C)). Due to the similar smooth variation of the torque on the shaft, the power and efficiency
profiles of the Fo portion exhibit gentle responses with respect to these parameters under certain parameter
ranges. The power of the F1 portion increases and the efficiency decreases as a function of the proton
gradient (Figure S7(D)), with the maximal changing point around ∆pH = 1.3.
Michaelis constants of the reactants for the rotary flux
Figure S8(A-B) show that the Michaelis constants of the extracellular and intracellular protons for the
rotary flux remain stable (0.2 µM and 2 µM, resp.) when tuning the phosphate concentration as well as
the total concentration of ATP and ADP. Especially in (B), we see a maximal value for both curves at
c0 ∼ 1.1 mM. Figure S8(C-D) show the effect of ∆pH on the Michaelis-Menten constants of ADP and
phosphate. These profiles are quite similar to those in the main text.
5 Rotary flux of each portion in coupled case
In our model, the profiles of the rotation rate of Fo are similar to those of the power, i.e. respond robustly
to the concentration of reactants in the F1 portion, see Figure S9.
On the other hand, the rotation rates of F1 in the coupled case are sensitive to the variants in the
proton gradients, see Figure S10. The physiological values of proton gradient gives the ATP synthesis
rate at around 30/s, in consistency with the estimated tens of ATP production per second. Different
values of c0 donot seem to affect the ATP production rate significantly, and also the ratio of futile cycle is
found to be low in our coupled model.
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Figure S7. The sensitivity of separate
portion’s power and efficiency in the
coupled model. (A-C) Power and efficiency of
Fo portion w.r.t. the total concentration of ADP
and ATP, the phosphate concentration as well as
the ratio of ADP concentration. (D) Power and
efficiency of the F1 portion changing with the
proton gradient. The profiles of power, efficiency
and torque are all S-shaped with maximal slope at
∆pH = 1.
Figure S8. Michaelis constants of the
reactants for the rotary flux of the whole
enzyme. (A,B) Km([H
+]) depends on the
phosphate concentration (with [D]=0.3 mM,
[T]=4 mM) or the total concentration of ATP and
ADP (with [P]=6 mM, p=0.07). (C,D) Km([P ])
and Km([D]) depend on the proton gradient across
the membrane with [T]=4 mM and pHb = 8.4.
(a) Rotation rate of Fo w.r.t. phosphate
concentration
(b) Rotation rate of Fo w.r.t. the ratio
of ADP concentration
(c) Rotation rate of Fo w.r.t. total con-
centration of ADP and ATP
Figure S9. The rotation rate of Fo with different concentrations of ATP, ADP or phosphate in the
coupled case. In (a), c0 and p are set at 4.3 mM and 0.07; in (b), c0 and [P ] are set at 4.3 mM and 6 mM;
in (c), p and [P ] are set at 0.07 and 6 mM, respectively.
6 Results in the case of mismatch or untight coupling
In the case of mismatch or untight coupling, we need to assume a certain ratio α etween the average
rotary velocities (fluxes) of Fo and F1 in vivo at steady state, which is not exactly equal to 4.
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(a) c0 = 1.8 mM (b) c0 = 4.3 mM
Figure S10. The rotation rate of F1 with different proton gradient across the membrane, with p = 0.07
in each subfigure.
We here redraw Fig.2-4 in the main text with a new factor 10/3, which accords to the case of only 10
subunits on the c-ring [15, 16]. The main results is nearly unchanged. Other parameters are the same as
those in the main text.
The case of untight coupling is mathematically equivalent to the case of mismatch.
Figure S11. Efficiency profile for Fo and F1 portions in coupled and uncoupled conditions.
(A) Efficiency of Fo v.s. proton gradient, with intracellular pHb = 8.4. (B,C) Efficiency of F1 v.s.
phosphate concentration (with [T ] = 4mM, [D] = 0.3mM) and the ratio [D]/([D]+[T]) (with [P ] = 6mM),
as the total concentration of ADP and ATP is fixed.
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Figure S12. The sensitivity of separate
portion’s power and efficiency in the
coupled model. (A-C) Power and efficiency of
Fo portion changing with the total concentration
of ADP and ATP (with p = 0.07, [P ] = 6 mM),
the phosphate concentration (with [T ] = 4 mM,
[D] = 0.3 mM), as well as the ratio of ADP
concentration (with [T ] + [D] = 4.3 mM,
[P ] = 6 mM). (D) Power and efficiency of the F1
portion changing with the proton gradient, with
[T ] = 4 mM, [D] = 0.3 mM, [P ] = 6 mM.
Figure S13. Michaelis constants of the
reactants for the rotary flux of the whole
enzyme. (A,B) Km([H
+]) depends on the
phosphate concentration (with
[D] = 0.3 mM, [T ] = 4 mM) or the total
concentration of ATP and ADP(with
[P ] = 6 mM, p = 0.07). (C,D) Km([P ]) and
Km([D]) depend on the proton gradient across the
membrane with [T ] = 4 mM and pHb = 8.4. The
two curves shows their minimal value at around
∆pH ∼ 1.4.
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